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ABSTRACT 

Forty-three firs^-grade children, who had received no 
formal instruction in addi'^.ion and subtraction, were individually 
administered 20 problems '♦'hat could be solved using addition or 
subtraction* The problems were selected to represent the following 
semantic typ^^s: joining, separa-^-.ina^ part-par t*- whole, comparison, and 
equalizing* PespoAses were coded in terms of appropriateness of 
strategy, correct or incorrect ans^wer, type of error, mode of 
representation, and solution strategy* For every problem but the two 
addition comparison problema, over 10% of the subjects chose a 
correct strategy* There were very few systematic errors* Only 15 of 
the 960 responses involved the wrong choice of operation* The 
maior:.ty of solu-^-ior.s involved the use of concrete objects, but a 
significant number used fincers or did not use any physical 
representation. Contrary to previous analysis of children's solution 
processes for addition and subtraction problems, these results 
suggest that children do not transform problems so they can apply a 
sinqle strategy* Father, thev hav€ a rich repertoire cf strategies 
which they apply direc^.lv ^o a problem based on its semantic 
structure* The results also suaaes**- ^h^,t verbal problems may be an 
appropriate context ^-o introduce addition and subtraction operations* 
(Author/MK) 
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Abstract 



i'orty-threo first grade children who had received no formal in- 
iJtruction in addition and subtraction were individually administered 
20 problems that could be solved using addition or subtraction. The 
problems were selected to represent the following semantic types: 
joining, separating, part-part-whole, comparison, and equalizing. 
Ton problems were presented physically using sets of concrete objects, 
and 10 corresponding problems were presented through verbal problem 
situations. Number triples for all problems were selected so that 
tho sum of the two addends was between 10 and 17. For all problems 
physical objects were available to aid in the solution. 

Responses wore coded in terms of appropriateness of strategy, 
correct or incorrect answer, type of error, mode of representation, 
and solution strategy. JFor every problem but the two addition com- 
P'arison problems, over 70% of the subjects chose a correct strategy. 
There were very few 'systematic errors. Only 15 Of the 860 responses 
involved tho wrong choice of operation. The majority of solutions 
mvoivod the use of concrete objects, but a significant numb'-r used 
f uKiMr:, or did not use any physical representation. 

f'^.r the verbal problems, children's solution processes modeled 
Lhc action or relationships described in the problems. Thus, they 
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i<^-ty of differunt titrat(i(jir^s depcndinq on the semantic struc- 

tarri .)t the i^rublcra. Theso fitratnqic's aro corusi.steiit with a proposed 
nu'dt l t)f" probicm structure. 

V'jic L:ie cuiH.Tcte problems, strdLogies were principally determined 
by t iif characteristics of the sets of cubes in x^roblems. They generally 
or)erat(Hl on the set of cubes a\;ailable from the problem statement rather 
thuu at tc»m})tifiq tu model th<i action,^ 

C*)ntrary to previous analysis of children's solution processes for 
addlLion and subtraction problems, these results suggest that children 
do not transform problems so they can apply a single strategy. Rather 
Lht»y have a rich repertoire of strategies which they apply directly to 
a ;.robiem basted on its semantic structure. These results also suggest 
that vi^rlMl problems may be an api;ro{jr i ate context to introduce addi- 
tion and subtraction operations. 
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Introduction 



A major qoai of mathematics instruction is to teach children to 
iipply their mathematical skills to solve problems. It is frequently 
assumed that children must first master computational skills before 
they can beqin to apply them to the solution of problems. However ^ 
although 5t is reasonable to assume that children will not be able to 
apply formal algorithms without instruction, it has been clearly demon- 
strated that children develop a variety of informal strategies for 
solving mathematical problems independent of instruction (cf,, 
Ginsburg, 1977; Resnick, Note 1) . In fact, : ny of the informal 
strategies are more sophisticated and demonstrate more insight than 
the formal procedures that are *a part of instruction. This raises the 
hypothesis that, rather than depending on a prior knowledge of compu- 
tational skills, simple problems may give meaning to basic mathematics 
operations. To a limited degree, most initial instruction in the four 
basic operations on whole numbers is based on this hypothesis. Almost 
all major mathematics programs initially introduce addition, subtrac- 
tLon, multi^plication, and division through some sort of physical or 
i ictot lal representations. However, the range of problem types used 
as examples in most instructional programs is very narrow* T^or 
exam£)lo, subtraction is almost always initially represented in terms 
of a separating model in which a subset of a given set is removed; 
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ucUUtion and subtraction arc almost exclusivoly introduced with physi- 
^\\\ mudeis or pictures that dirtictly represent joining or separating 
raiiuT than with problems that require children to construct reproson- 
tJt ifiis ot the o[n-ration themselves. Those instructional decisions 
are based on very limited evidence regarding the appropriateness of 
different types of problem situations as initial models for the basic 
cjpi.'rat- ions. 

This study focused on children's initial concepts of addition and 
.^Lu-ftraction as shown by their ability to solve selected- problems repre- 
sentinq addition and subtraction operations, i The working hypothesis 
ot U\u study was that prior to formal instrucytion many children can 
sulvo a variety of different problems involving addition and subtrac- 
t Lon (>i'etatioiis. Kurthermcre, they develop different strategies for 
solving different problems. By identifying the processes children use 
tu .^(jlve different problems, the study attempted to gain a clearer 
piwMurt^ of children's initial concepts of addition and subtraction as 
well a^. L() provide some insights into^their problem-solving abilities. 

Villi,* study was not carried out in isolation. Rather^ it is part 
of a series of short- and long-term investi^jations being carried out 
uy t-M'.' Matliematlcs Work Group of the Wisconsin Research and Develop- 
inonL Center .for Individualized Schooling. This set of studies has 
t iiro.' m^ajor objectives: (a) to describe the development of addition 
aiid subtraction concei»t:j and skills in children and to identify how 
(iu..i dovo Jfjpmc.'rit is ri.'lated to the development of underlying cognitive 
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skills, (b) to idqiiLify chancjus in [>er formance on these concepts and 
skills that result from specific instruction, and (c) to ascertain the 
effects of certain teacher actions on pupil engagement and performcuice 
on addition and subtraction concepts and skills. 

The |.'rt?St}ut study fits under the first major objective. In des- 
cribinq the development of addition and subtraction it is necessary to 
characterize processes and strategies children use in solving selected 
addition and subtraction problems as well as to identify the errors 
that result from applying inappropriate or incorrect strategies. This 
characterization and identification was one of the^major aims of this 
study. 
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Background 

Addition and subtraction problems presented to young children can 
bo grouped into two large categories. One category is the purely 
mathematical presort Nation of symbolic sentences in ei ther horizontal 
or vertical form. The other category is nonsymbolic problems in ^ 
which the 'numbers are measures of entities described in the problem, 
situation. Included in this second category are the so-called "story 
problems" presented In most textbooks. For the study presented in 
this report only the latter type of pr-oblem was included. 

Twc d"imensi,ons can be identified that divide nonsymbolic addition 
or subtraction problems into four distinct classes. The first dimen- 
sion is based upon whether an active or static relationship between 
sots (jr objects is implied in the problem. Some problems may contain 
an oxi>licit reff-rence to a completed or contemplated 'action causing a 
chanqe in the size or position of problem entities. For example, 
'•Snu had 8 apples! in a basket. Then she put 6 more apples in that 
basket. How many| apples did she have altogether?" Contrasted to 
juch situations are those in which no action is implied; that is, 
Lri(?r(j is a static relationship. As an example, consider,^ "There are 
7 apnl'-$; in a basket • Four are red and the rest are green. How many 
of t)\o a[>pios arc^ qroc^n?" 

5 



TIk? su. ond dimension involvus a yiot inclusion or suL-aubaet rula- 
Lionr-ihip, In cortdin problems two of the entities involved in the 
problem are necessarily a subset of the third. In other words, cither 
the unknown quantity is made up of the two given quantities, or one of 
Lno qivon quantities is made up of the other given quantity and the un 
known. For exan;iple, consider the following problem: There are seven 
children on the playground. Three are boys and the rest are girls. 
How many are girls? The set of boys and the set of girls are subsets 
of the set of children. The alternative is that one of the quantities 
is disjointed from the other two. For another example,, consider the 
following problem: There are saven girls and three boys on the play- 
ground. HoW many more girls than boys are there? In this problem, 
removing a. set of three girls and counting the number of girls in the 
remaining set of four girls gives the answer. The distinction 'between 
this i)roblom and the preceding one is that the set of boys is dis- 
jointed from all of the sets of girls involved. 

The relationship between the action/static dimension and the set- 
!^absi't viimension can bo represented in a two-by-two matrix (Figure 1) . 
A ;haracteri^.ation and examples of the problems corresponding to the 
c(^lls; t)f thiy\ matrix follows. 

^ i ni ng and Supa rating 

Thesu ^wo i)roblt3m rsituations arise frequently in early mathematic 
u)sl:r ut't. i;>n because^ they are generally easy to understand, and they 
tftid to be familiar ^atuation.s for young children. Joining is thi' 
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Fiquro 1. Types of nonsymbolic problem situations. 
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l»ro.:i»ss c>£ puLtinq tuqether two entities to form a sinqlo entity. The 
.u.'Lion is incrnmoatai because the f?.rst set is made larqer by the ad- 
jouiiii'] tho i^ccond set. For example: 

1. Wc»liy has 3 pennies. His father c7ives him 6 more pennies. 

How meiiiy pennies doei: he have altogetlier? 
By varyuKj the unknown ([uantity it is also possible t-o generate 
juLu iu(j 'problems that represent the arithmetic oj^eration of subtrac- 
tion, li ^ 

Wally had 3 pennies. His father gave him some more penn-ies. 

Now he has 9 pennies. Haw many pennies^ did his father give 

■ - . 

hixn? 

• . ■ ■ ■ I 

Separating is the process of breaking up or separating a single entity 
into two subontities and then removing one of those two. For separcit- 
inq, the action results in a decrease in size of the original set. 
An ox<unplt^ is: 

^. Fred had 11 candies. He gave 4 of them to Kathy. How many 
candies does he have loft? 

i'ar t ,-|u\r t -v ho le 

Tlii.M is a static relationship that exists between an entity and 
it'.; two component parts. Some examples of part-part-whole follow. 
4. There are 3 boys and 8 girls in the dancing class. How 

many (;hildren are there altogether? 



Mar id h^is 9 toy cars. Four aro red and the rest are blue. 
How moi^y blue cars does she have? . 

€ dm uar isi on _ 

Comparison problems involve the static relationship of order exist- 
incj between two-disjoint entities. 

f). Mark has 5 balloons. His sister Connie has 12 balloons* 
How many more balloons does Connie have than Mark? 

7. Joe has 13 records. Mike has 6 more records- than Joe • 

How many records does Mike h' V s 

Equalizin g 

Equalizing problems share characteristics of both joining/separating 
and comparison problems. There is iiuplied action on a given entity but 
a comparison is also involved. ' Equalizing is the process of changing 
one of two entities^ so that the, two are then equal on some particular 
attribute. For example: 

e^. There are 4 boys and 7 girls on the class basketball team. 
How many more boys 'have to be addt^d to the %team so there 
will be the same number of boys and girls? 

Other attempts to characterize the different classes of addition 
tuid subtrat:tion problems are generally consistent with the above 
analysis. Greono and associates (Note 2) identify three distinct 
sihnnata believed necessary and sufficient for understanding all 
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problame that are solved by a single opeiration of addition or subtrac- 
tion. The first is called Cause/Change and encompasses situations in. 

■ (I . ,'' 

which some event changes the value of a quantity. This essentially ' 
corresponds to the joining and separating category described above. 
For Greeno, th®' joining situation's one in which the directioh of tht - 
chaifige causes an increase in some given quantity and separating is the ^ > 
situation for which the direction of change causes a decrease .in a given 
•quantity. Tha, second schema proposed by Greeno (Note 2) is Combination> ■ ^ 
which corresponds directly to the part-part-whole problem type described 



•earlier. The,.final schema, Comparison, is relied to the description 
of the sama name given earlier.. ' ^ 

. Nesher and Katriel (Note 3) have also carried out an analyals of ^ 
verbal ptoblem types. They have identified the i^ame three basic cate- 
gories as 'Greeno (J^ote 2). However, they use the term Dynamic Descrip- 
tion Jor the Cause/Change or joining/separating category^ Static Des-- , 

cripti9n for the. Combination or part-part-whole catiagory, and the 

^ _ . ■• ^ — 

fainiliar 'tem_Come^i:ism-4^r -^^^ third laentif ied problem type. 
— to7"-ic±arssl"f±catiT5n^^ 



"T^afbTtrayy; ana^rofflemi 
can'*be classified in different Ways by focusing on diff erent^dimensions. 
In a pair of studies carried out at the Wisconsin Research and Develop* 
ment Center for Cognitive Learning, Steffe, (1970), who studied perform- 
ance' on addition problems, and LeBlanc (Note 4), wHo investigated 
subtraction problems, simply differentiated between action and no 
action in verbally stated problems. They used the term "transformation" 
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11: 

. ^ 

to charsicterizb action being carried out on the sets described in the 

problem situations/ ^ . - 

'I . * 

Equalizing problems were first identified as a unique class of 
problems by the Developing Mathematical Processes (DMP) program 
dsv^lop6d the Wisconsin Research and Development Center (Romberg 
dt alw 1974). In DMP, Equalizing is used as the vehicle for intro- 
ducing the operational symbols for addition and subtraction and .as th# 
initiar problem situations for which children are asked to write 
number sentences. 

: . 

A more thorough analysis of problem types has'-been reported else- 
Where <Moser, Note 5) • He has identified a third dimension along which 

problems 'can be categorized. This is an order: dimension of either 

ft ' 

making or being larger or smaller. Thus, the joining situation, for 
example, would fall into the making-larger category and separating Would 
eome^under the making-smaller category. Equalizing can be accomplished 
by making the smaller of two c mpared sets larger or by making the 
larqor of two compared sots smaller. In a similar fashion, theldlf- 
^fm^enae betweerr'two'-compared sets* ^can-'bf3--eh«trae1^r^^ 
much larger the bigger set is or by how much fjmaller "is the lesser of 
the two sets. This larger/sinaller dimension does not appear to apply, 
however, to the static part-part-whole situations. ^ 

A numbfer of studies have investigated children's solutions to 
verbal problems. Because the presence of manipulative aids was a part 
of the present study ^ several studies that relate to these -aids should 
be briefly mentioned. Both Steffe (1970) and L^Blanc (Note 4) found 
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that the presence of* aids, ho^h physical and pictorial, contributed to 

* 

Significantly better peij'formance in tho solution of addition and sub- 
traction problems.'^ In a recent study carried out Mth kindargarten. 
children, Ibarra and Lindvall "(Nott 6) found that the degree of con- 
Grateness accompanying the presentation of verbal problems signifi- ' 
cant'ly affected the proportion of students respoading correctly to . , 

those problems. 

• ' -1 , ' - .. ■ 

There is a scarcity of research or analysis dealijng with the 

i V ; ■ " 

processes children use to solve simple verbal addition or subtraction 
problems. Greeno (Note 2) has hypothesized that certain types of ■ 
problems are associated directlV' with addition or subtraction opera- 
tions. Other types of probl-ems are transformed to one of the repre- • ' 
•sentations that is directly associated with an operation before a solu- . 
tio5n is attempted. In^ general, the canonical forms (prpblems that are 
naturally repr®sented as a+b=[~] ora-b-[~)) are directly 
trajnslated to addition or subtraction operations while noncanonical 
forms (e,g/; missing addend .problems) are first transformed to part- 
part-whole representations. Greeno has little empirical 'suppo?:t for 
this analysis. Most research on these types of verbal problems also 
has focused on level of difficulty of different' problems rather Uian ,• 
solution processes (NeshfcVr & Katriel, Note 4; Steffe, 1970). This 
research has found tha'.^ static problems are generally more difficult 
than corresponding problems involving action. If all noncanonical 
I roblems muf.it first bs represented as part-part-whole problems, one 
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would hypothesize . that part--part-whol© problems w6uld have f^wer errors 

'$inca :hey would require one fewer transformation. The fact that they 

are more difficult than correspondin,g problems involving action casts 

®ome doubt on the validity of 'Greeno's analysis • In any case a-more 

ijj^4rect measure of children's solution j^rocesses seems to be needed 

. before' any conclusions 'can be drawn* . ^ 

^ - t . 

A number of studies have investigated the strategies that children 

use to solve open addition and subtract ipn sentences. In a study in- 
volving third-graders /'Grouws (1974) indiviaually interviewed subjects 

and coded responses and strategies used to solve f.our different types 
, ^ • ' i ■ ' ■ • 

of open sentences. Algorithmic behavior, recall of basic facts, and 

^ " .. ' * ' 

counting were the most frequent solution methods. 

Th@ largest- collection of such studies have. relied upon resp<pse 

latencies to infer what strategy a child applies to a given type of 

proi)lem. The ^^neral technique \nvolves breaking the operations down 

into a series of discrete steps/ in this case counting, by ones. It 

is assumed that the time required to solve a given problem using a ^ 

particular strategy is a linear function of" the number of steps needed 

to reach the * solution. By finding the best fit between response 

latencies for subjects solving a varifety of problems of a given type 

and the regression equations of possible solution strategies, the most 

. - appropriate model is inferred* For addition, three basic strategies 

have been identified (Groen & Parkman, 1972; Suppes & Groen, 1967) * 

To calculate the answer ^to 3 + 5 « ?, the most basic strategy involves' 

counting to 3 and then counting on 5 more. A somewhat more sophisti- 



cated and efficient strategy is to start counting at the fir$t number. 
-Jn this case it would mean starting at 3 and counting on 5 more. The 
most sophisticated and efficient strategy is to start counting at the 
larger of th^ two numbers, in the above problem this would mecui 
starting at 5 and counting on 3 more. For sums less tha 10, this last ' 
strategy provides the best model of first-graders' responses (Groen & 
Parkman, 1)72). 

As part of a similar nalysis of subtraction, two basic strategists 
were hypothesized* (Woods, Resnick, & Groen, 197^). To solve 9 - 6 = ?,.■ 
children might count down § units from 9, or they might count up from ' " 
6 until they reach ' ;:d keep track of the number of units counted. 
For this particular problem the second strategy would require fewer steps, 
while the counting down strategy would M more efficient for 8 - 2 = ?. 
The results of tliis study indicate . that by the "second grade four-fifths 
of the children used a choice strategy by which they choose the most 
efficient of the two strategies and by the .fourth grade the responses 
of all children best fit a model predicted by such a strategy (Groen & 
Parkman, 1972) . 



These data ihdicate that as children mature they dovelpp more 
sophisticated and efficient counting strategies. Furthermore,, the 
results of another study indicate that these strategies are develcped 
.independent of instruction, and that the stratefies that children con- 
struct for themselves are frequently more sophisticated and efficient 
than the ones they are taught (Groen & Resnick, 1977). 
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There have been sme studies that focused more on children 's 
©rrors or item dif f iculties. Aithoug' their study focused on primary 
children's incorrect procedures in solving open sentences, Lindvall 
and Ibarra (Note 8) do report on certain errors associated with the 
solution of verbal addition and subtraction problems which represented 
nohcanonical .situations. When the problems were of the missing-addend 
type, the predominant error was to. use the wrong operation and add the 
two given' riumbers. 'When the problems were related to an open sentence 
of the form a ^ ^ o or ^ ^ b ^ a , the greatest tendency is to 
"Tepbrt one of the given numbers as the answer. 
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Method 



One of the major variables included in the study was the problem 
structure as defined by the four major classes of problems described 

i ' . , 

egrlier. Problems to be included in tphe study were ^selected from each 
•» 

of the four basic classes of problems.. By varying the unknown quan- 
tit-y or, the nature of the action as in the joining/separating class, ^ 
both at^dition and subtraction items can be represented in 'each of the. 

r . 

four classes. B'or examp^le^ consider the part-part-whole problem class* 
If the problem we^e stated as/" "There ate some children on the play- ' 
ground. Six are boys and eight are girls* How .many children are 
there altogether?.", the operation required to solve the problem wouid 

be the addition of 6 and 8. On the other liand, if the problem were 

... 

stated as "There ate 14 ohildren on the playground. Six ®e boys 
and the rest are girls. How many girls are on the playground?", then 
the operation of subtracting 6 froin 14 would be required to determine 
the solut,ion* • 

It was not feasible, to include all possible forms of problems in 
each class in the time available for testing. Furthermore, sqgie of the 
forms lend themselves less well than others to natural problem situa- 
tions* Consequently, two different problems weife selected from feach 
of the p^t-part*whole, cc«nparison, and equalizing classes and four 
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from the joininq/sepairating clasa. Ono addition and one subtraction 
problem were selected to represent the part -part -whole and comparison 
classes. Wnce equalizing problems most naturally represent subtraction 
operations, two subtraction problems were selected from this class. One 
involved increasing the smaller-* quantity , and the other involved decreas 
ing the greater quantity^, Two distinct types of action^are included in 
the joking/separating class, joining and separating* ^^since these are 
the most commonly used pi;pblems in elementary school mathematics pro- 
grams, more than two problems were needed to adequately represent this 
clasis. The final decision was include one joining addition problem, 
two joinr.ng missing-addend problems, and one se^aratin^ problem. Two 
missing addehd pr.oblems were included because two distinct forms of 
this type were/* identified, and it was not clear which was most tepre- 
sentative. 

A second major t'^ariable in this study was the^mode. of presenta- 
tion. Wte decided to eitiploy two modes,* concrete and verbal. Thus, 
ior each of the 10 types 'of problems, a verbal problem and a problem' 
involving action or relationshi;g)s between sets of cubes were generated* 
The . verbal proM presented^ in 'Tab 1^^ tTie^concrete "problems ^" 

are listed in Table 2. The concrete problems' modeled* the action in 
the corresponding verbal problems as- closely as possible. All problems 
were constructed to provide relatively ^ ^ ple examples .of their type 
while controlling for factors such as syntax, vocabulary, sentence 
length, and f^iliarity of probleitt situations. 
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Table i 
Verbal Problems 



Addition 

Joining . " ; 

« 

Wally had a pennies. His father gave him b more pennies/ ,v:;':^' 
How many pennies did Wally have altogether? '^^ 

Part^part-whole 

Some children wer^ ice-skating, a were girls and b were boys. 
How many children were skating altogether? ^ 

Comparison 

Rcilph has ^a^. pieces of gum. Jeff has b more pieces than Ralph. 
Ho * many pieces of giim does Jeff have? 



Subtraction 



4 ♦ Separatihg 



Leroy had a pieces of candy. He gave b pieces to Jenny, How 
many pieces o^ candy did he have left? *• 

5* Joining (1) . * ^ - 

Susan had a bookfe. Her teacher gavo her some Vrtoue books. 
Now she has c books altogether. How many books did Susan's 
te^icher give her?. " ' 

6. Joining (2) . . ' 

Kathy had a toys* How many more does she need to have c toys 
alt^og^ther? .. 

7*. Part-part-whole 

There are c chij^dren on the playground* a are boys and the 
rest are girls. How many girls are at the playground? 

8* Comparison * 

.,„^J4arJc ..woii. a..pxi^es a„t the fair* His sister Connie won c prizes* 
, " How many, more prices did Connie win than Mark? 



(con^nued) 



Tabl© 1 (continued) 



9, Equalising (+) 



Joan pjicked a flowers. Bill picked £ flowers. What could 
Joan do so she could have' as many flowers as Bill? (Suggest ^ 
if necessary^ that she pick sptne tnore. ) How many more would 
she need to pick? • . 



10.^ Equalizing ('-) 



Fred has a marbles* Betty has £ marbles; What could ^Betty ' 
do so she would have as many marbles as Fred? .(Suggest, if 
necessary, giving some away.) How many would she nee^ to get 
rid of? . * 



Concrete Problems 



Addition 



Joining 



Subject is asked to count separate sets Of 'a red cubes and*^ 
b \^hite cubes* Cubes are physically combined and subject 
i^ asked how many cubes there are altogether* 

Part-part-whole ^ ^ . ■ 



Subject is asked to count a red cubips-and b white 'cubes in 
a mixed set* Subject is then ask^d how many cubes there 
are altogether* . 

3* Comparison' ' • .. . 

Subject i^ asked to count set of £ red cubes* Subject is 
then asked to determine, how many white cubeiS would be in" a 
' set which had b more white cubes than red cubes. 



Subtraction 



4, Separating 



Subject is asked to count set of £ red cubes. Subject is 
then asked to determine how many cubes would be left if 
b cubes were removed. 



5, Joining (1) 



Subject is asked to count set of a white cubes* A second 
set of white cubes is combined with the first to make one 
set of c. white cubes* Subject is asked to determine how 
many cubes were adde'd to the first set* 



6, Joining (2) 



Subject is asked to count set of a white cubes. Subject 
is then asked to determine how many white cubes must be 
added to make a set of c white cubes. 



(continued) 
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Table 2 (continued) 



7 ♦ Pa): L-~par t-whode 



Subject ip presented with sets of a whit© cubes and b red 

cubes and is asked to count . total number of cubes and 

number of white cubes* Subject is then asked to determine ' > 

number of red cubes. ' ' . 



8* Comparison 



Subject is asked to count sets of a red cubes and c white 
cubes. Subject is then asked to determine how many more 
white cubes there are than red cubes. 



Equalising (-f) 

Subject is asked to count sets of red cubes and £ white 
cubes. Sjibject is . asked to determine what must be done 
to* the red set to make as many red cubes as white cubes. 
Subject is then asked to determine how many red cubes 
must be added to make the sets equal. 



10* hJqualizing 

Subject is asked to count sets o? a red cubes and £ white 
cubes. Subject is asked to determine what must be done 
to the white set of make as many white cubes as red cubes. 
Subject is then asked to determine> how many white cubes 
must be remove^ to make the sets equal. 
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Th© number triples for* the problem^ were selected to conform to ^ 

the following specifications: (a) each of the adidends was greater . 

I' ^ 

than 2 and leis"*T:h^-10, (b) their sijun was greater than 10 and less 
than 16, and (c) the absolute value of the differmce between the two 

-addends was greater than one* These rules (^janerated the following 
set of 10 triples: (3,8,ll)i (3,&,12), (4,7 ,11) , ^ (4,8/l2) , (4,9^13), 
(5,7,12), (5,8,13), (5,9,14), (6,8,14), (6,9,15). This number range " 
was selected because the numbers were small enough so that the problems 
could be conveniently modeled using concrete objects £ut Were large 
enough so that is was uh likely that *'any children would have already 
learned the addition or subtraction^, combinations. It was also more 
likely' fehat the children's strategies would be observable with 
numbers of this size than with smaller numbers. Doubles and near 

^ doubles were eliminated because it was hypothesized that children may 
operate differently with those combinations (cf. Groen & Parkitian, 1972) 
Although the 10 number triples are as hoinogeneous as possible, it 
is still conceivable that differences between triples may account for 
variability in children's performance. Therefore the number triples 
were equally distributed over the set of problems so that e.ach number 
triple was paired with each problem either four- or five times* In 

M > 

order for each triple to be paired with each problem exactly the 
same. number pf times, the number of subjects would have had to be a 
multiple of 10* Thus, each subject received each number triple 
exactly once witJiin the set of verbal problems and once within the set 
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^ . ; .... , ' ■ ., _ 

of concrato (jrobiAtife., but dif f oront aubjacta jroceivad ^aitfoi^wt com'- - 
, I .■I - - " ...V ■ . . • 

binati'ons^ for ^achiprobXetn, For each subject, pairing^ mm made so ., 

that fehe*v^rbai prcjlileins' contained th© same number oombination the 

■ • ■ ., 1 . i , ^ ■ 

oorresponding cpnqfete problem. This made the two problems as compar-. 

. • ' ' % 

atol® as possible, • ^ 

■ . . ■ ■ ■ ■ ■ ^ ... -i 

In presenting the two addends in the addition problems, we deaided , 
to present the smaller addend first. A child who realises that Govintint 
on from one of , the givem numbers "ds more efficient than always beginning 



0 counting sequence with "one, two, three,-. \ would probably have 
. the, tendency to count on from the first number presented. fhe mdre ^ 
sophxsti-cated child would realize further that counting would be more, 
efficient if b^gun with the larger of the two giv<sn nuinbers. If the 

i 

» * 

larger addend w^s presented f ir^t^ it would be next to impossible to 

^\ ' . . * 

detfermiY^e if the child had chosen to count on from the larger number - 



or simply §^om the first number. 

Another \onsideration in number presentation ife which number 

y 

should bo the unknown in a Subtraction problem. The data of Woods et al. 



(1975) indicate that although the probles^s 8 - 2.^ [j and 8 - 6 = [J orig 
inate from th® same number triple they may generat® significantly dif- 
ferenb metiiods of solution. If this conclusion is correct, choosing 
the larger of the two, addends as the unknown would tend to bias 
. responses in favor of a separating or counting back strategy whereas 
choosing th© smallsr number would create a bias in favor of a counting 
up strategy. Since the dilemma is unavoidable, we decided that it was 

.A 

morp important to be c6ns is ten t^ between problems so that only the 
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StpctUi:^ of t^© proj;>X^ vmi%(Si, Cons©quaintly the Xargeir' addencl was 

^(ilectedi f or the' unknown in all susbtmetion probXemi^f 

■ ^ . ■ ^' ■ ' 

Bub j^ects ^ 

The subjects for thp study* consisted of the 43 children, in the two: 
^first*grad© classes of a parochial School that draws students from a- 
predominantly middle class area of Madison Wisconsin* Math^atics 
.instruction- %n both classes consisted of topics iS'thrgugh 22 of the 

'Developing Matheroatical processes (DMP) program (Romberg, Harvey, Mos"ir" 

* ""^ ■ * . 

& Mont:gomery, 1974) * At the time of testing in early February, only 
t^Q aritthmetic topics had been covered, Writing Numbers and Comparison 
Sentences* The .topic of Comparison Sentences introduces tlje notion of, 
'a mathematical sentence, though at this point it only deals with repre- 

5/ 

aenting a static r^latioii (equality) between two^numbers* The other 

six topics dealt with measurement and geometry* Thus, at the time the. 

. /. 

children were test,@d, no formal instruction in symbolic representation- 
of addition and subtraction ^ad been given* ' On the other hand, several 
'leasons had ^ been presented involving joining, separating, part-part- 
whole and comparison prt^jelems* , In those instance^^, modeling with ob- 
jects'to determine the^ solutions had been siiggested* 

Proced urQs 

This study rolled upon individual interviews with children to . 
• identify the processes they were using to solve each of the problems. 
Ginsfour'g (1976) has made a strong ease that this type of clinical 
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technique is tHe most, appropriate for asg©«sing..chndren' s mathematioal 
behavior. Each problem \m% individualiy administered to' each subjeot • * 
by one of two txp^iriKienteirSf * * 

For the .concrete problems the appropriate sets worfe constructed by 
th© ^experimenter using red^and white UnifiiH cubes. Subjects were in- . 
s true ted to count the elements in each, set, il subjects made a countinf 
error, they were instructed to check their resulx:', . After subjects had 
determined the number of elements in the sets, the action or relation- 
iMP-^p^£LeiMJ34;_Jtb^_probJ.em 
^he subjects were asked to solve the problem. Extra cubes were avail- 
able if subjects needed them to solve the problem, 

'The" verbal problems were read to the subjects by the experimenter. 
Problems were reread as often as necessarf so that ability to remember 
numbers or Relationships in the problems was not a factor; A ^et of 
cubes identical to those used in the concrete problems was available^ . 
to the subjects. They" were encouraged to solve the problem without 
the cubes but were told to use the cubes if they needed them or. were ' 
not sure of their answer. There was hot "strong pressure either t^ use 
the cubes or to solve the problems wit^hout them, but if subjects were 
-floundering they were reminded that they could use cubes to, find the 
answer. 

If a soluti9n process that a subject used was obvio-uS, the experi- 
menter coded the response and went on to the next problem. If how a 
subject had found an. answer was not immediately visible, the subject 
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ms asked to describe hoW th® answer was founds Th^e eKperittie>nt©r con- 
tinued questioning until, the subject's str?»tegy was apparent or it Was 
•€lear that no axpiai^ation was forthcoming. The testing required two 
Sessions that la'sted -15 to 20 minute^ each, Haif tMe subjects re- 
ceivQd the\10 concrete problems in the fiyst sessioii the 10 verbal / 
.p:robl©ms in the second session. For- the other half thil oicder of ad-' 
tniniatra.tion. was reveri$ed. Subjects were randomly assigned to €hese 

administration conditions. In most cases> the two sessions Veire [ 

* ■ ' i ■ . * ' ' ' - • 

separated by at least one day'. , For some siJbjects, the two sessions 

•\ 

occurred on consecutive days. No subject received both sessions on the 
same day,^ . - ^ / * 

The order of the tasks within the'" concrete and verbal groups was 
randomised for each subject /'^^Thusri'eac^ received ^ different 

sequence of problems, but each subject received the concrete problems in 
the Same order the verbal probl^s werfe presented* 



3i 



Results 

> During the individual inter%ews, the interviewers focused on 
four major categories of respprises: (a),trte mode of representation 
used by the child in generating a solution; (b) the strategy used to. 
generate the^ solution; (c) whether the solution was cofreot or not; 
and (d) when appropriate, the type of error made*/ Each of these 
categories will.be discussed in the first part of this section. - 

Mode of Repjf b^ign tation ^ ' . 

In the interview setting, sets of cubes were always present* Sinc.e 
paper and pencil w6re not available, symbolic or pictorial repres^||g|tion| 
were not possible* Two. basic modes of phys,ical representation were used 
by the children, cubes and fingers. 

(C) Cubes — Although no coding differentiation was made, 

' ^ ■ ' - , ^* . 

there were, two major ways in which dufces could,, be used. 

> 

First, the cubes were set out to represent the actual 
sets in the problem situabipn* For example, if ^the 

problem dealt with a situation such '-as, "Wally has 3 

* .< - 
.pennies and his father gives him 6 more pennies.. How 

I 

many pennies does he have altogether?" a child was 
likely to set out 3 Uni^ix Csibes to stand for the 3 
pennies, then '6 more cubes to stand for the 6 addi^tional 
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pennies. Actions performed pn the" cubes were presumably 
the child's interpretation aiid r'fepresentation of the 
■action or relationships between the sets Ifeseribed in 
the problem. The second use of cubes^occurred 
when the ejhild initiated n counting sfequenee beginning 
v/ith scane number word other than "one, Suah a 



counting sequence requires keeping track of the nximber 
of counting words in the sisquence. 'Peir example, if 4 
phild begins & forwards sequence at "eight" and couhts 



on to "thirteen,*' a set of 5 cubes fbight be set out 
One by one. Those 5 cubes do not represeixt a set of ^ 
objects as given in the .original problem Situation/, 
buc: rather counters to ke&p track of the number of words 
in the sequence "nine, ten, eleven, twelve, thirteen," , ' * 
(P) Fingers - Fingers are used to represent 'sets given 
in the problem situation or as a tracking device 
to remember* the numbers in' a counting' sequence.* , 
A ^niimber of children did n6t use'^any observable physical representation ^ 
to help solve a problem. They either tried to figure out the problem 
in their heads ^^or did not understand the problem suf f ici^ently to know . 
how to represent it physically. Such children were coded as: 

tN) No physical representation - There was no observable use of 
cubes or fingers. 

Result sj for addition and jubtraGtion « The actual problems presented 
to the subjects were listed in Tables 1 atid' 2 presented earlier. The 
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sujftmary of results tot Both the v^rBll^and concrete presentations of 

addition problems is given in Table 3, ' ft 

Results for the joining and part-part-whole probleirts reveal almost 
identical patterns.^ of behavior. On the, other h^id, the results from the 
two comparison problems show that these problems were seen'^as different.. 
Many subjects simply gave, one of the numbers in the 'problem the answer 
and consequently had no need to represent .the described 'relationship 
between set^)^ ^ * 

Jgl\Q.. results__ f or the _^ubtraction--^r43bJ^ms---ay^Hg>3^6ented--4iv-^le~4^ — 

In general, most children used cubes ^o reprfesejKt the problem s%t. This 

tendency wa^ slightly higher, in .the concrete problem presentations, A 

larger number of students used cubes for the two equalizing problems and 

for the comparison problem than for the other. four problems. ^ A possible 

« 

reason for this difference is that neitl^er of the two sets 'described in 
the problems, is a sub.s©% of the other. It .is difficult to represent 
both sets using fingers or to keep track of operations on botli sets 
without^ some -form of concrete representation. - 

The part-part-whole problem in^ the concrete presentation deserves 
mention. This problem constructed faithfully according to the 
Structure of the verbal counterpart. Consequently, it was trivial for' 
most children, who simply counted the set of red cubes presented. 
Since. the problem gave no insight into children's problem -solving ; 
strategies, it was dropped from analysis. . 

Correct vs. incorrect, ajid types of errors . One of the primary 
objectives of the study was to identify how sifccessful children are 
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Table 3 ' 

* 

Mode of Rapresentation for Addition Problems 



Problem 



Verbal 
presentation 



1 * ' V • 
Concrete 

pre.sentation 



c 


C 


'V 

F 


N 




P 


N 


Joining 


23 


7 


13^ 


J- 


; 


9 


Part-par t-whole 


• 24 


6 


13 


32 


4 


7 


n 

Comparison 


11 


3 


23' > 


'19 


2 


22 



7 f 



4 



'38 



* " 33 



Table 4 



Mode of Representation for Subtraction Problems 



Problem 



Verbal 
Pj^oblems 



N 



Separating 
.Joining 1 
Joining' 2 
Part-par t - who le - 

Comparison 
Equalizing- -f 
Equalizing - 



* 25 
27 
27 
.26 

31 
35 
32 



5 
3 



2 
1 
3 



13 
13 
1-1 
13 

19 
10 
8 



Concrete 
Problems 



, 31 
31 
28 



1' 11 
0 12 
2 13 



Dropp*ed from 
analysis 

34 0 



31 



35 



10 



8 



^4 

-at^ salving' .different types' of addition and subtraction problems prior 
th formal instruction in these operations. • ^^i other words, one purpose, 
of this study was to' determine whether children can independently " 
generate solutions to certain add ition^d subtraction problems "and . - 
to identify which types of problems are most difficult for them. 
This information should provide a basis for deciding which types of 
problems children readily understand as initial models of addition and 
subtraction. ' .. * . ' ' • 

♦ 

Reisponses were.- coded correct or incorrect depending upon whetji^r an 

. . _'_ ... , _ _ _ 

appropriate strategy was used and whether. the strategy resulted in a 
correct aitswer. An appropriate strategy is a strategy which would 
produce a correct answer if prbperly applied and followed through to its 
logical conclusion. For many of the problems i more than one strategy 
could be used to produce a correst^^sv^er. The following coding system 
was employed bo record^ -th^s category: 

(V) Validity - A valid or appropriate strategy was used. - 

(A) Answer - The correct answer was found. 
It is possible to record a child as having achieved a correct answer 
without 'recordin(^ the use of a correct strategy. In those instajices, 
the interviewer was simplytf unable to determine which .strategy a child 
used. 

For both addition and subtraction problems two types of errbrs were 
identified. 

(CE) The child used a correct strategy but miscounted or . 

perhaps used a wrong- number, forgetting on©« of the original 
numbers presented in the problem, in either caKe, a 



wrong answer would be generated. If a child happened. 

to miscount twice and have the two errors, cancel each . ^ 

i 

Other out; arriving at a correct numerical answer, an 
error was still recorded under this category, 
(G) Given numbet - A child responds that the answer is one 
of the two numbers given in the original problem, 

(0) Wrong operation - A child Uses an addition strategy or 

■* . 

the given answer strongly indicaces that an addition 
process or basic fact was used, 

(E) This category includes use of other Incorrect or in- 

' « ... 
appropriate strategies, an unidentifiable strategy with 

an incorrect answer, ah incorrect guess, ori failure to 

generate an answer of any kind. 
The results for the addition problems are presented in. Table 5. 

Overall, subjects were extremely successful in solving both the 
joining and part-part-whole addition problems. For each problem more 

than 88% of the subjects used a correct strategy (V) , and over 80% 

\ 

found the correct answer (A) . The comparison \problems turned out to be 
much more difficult. In the verbal comparison ^problem, '^2 subjects 
gave one of the given numbers as tL ir response.} They did not seem to 
be able to understand "Jeff had 5 more pieces of gum than Ralph" and 
interpreted it as "Jeff had 5 pieces of gum»" Children could deal with 
the "more than" relation in the subtraction comparison problem and the 
two ^(^^quali^ing problems. It may be that for children gf thi^ age 
"more" implies a comparison of two sets, and they cannot understand it 

■ 1 
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Tablfe 5 

Correct and Incorrect Procedures and Error Types for Addition Problems 



Problem ' 



Verbal 
Problems 



Concrete 
Problems 





Correct 
V A 


CE 


Error 
G 


0 


E 


Correct 
V^' A 


CE 


Error 
G 0 


W 


Joining 


. 41 


34 


7 


1 


1 


0 


43 


'40 


3 


0 


0 


0' 

1 


Part-part-whole 


38 


37 


1 


' 1 


1 


3 


41 


37 


4 


0 


0 


2 


Comparison 


12 


10 


2 


23 


3 


5 


21 


20 


1 


3 


4 


15 



37 

t 

» 

in terms of incrementing a giv^n set, "as in the addition comparison - 
©Kample. 

The patterns of responses were almost identical for the joining and 
part-part-whole problems. In contrast the two comparison problems were" 
not so similar. Ten more subjects correctly solved tne concrete problems 
than solved the verbal problem. Furthermore only 3 subjects gave one 
of the ,given nunbers as their response to the concrete problems as 
opposed to 23 for the verbal problem. The subtraction results are 
presented in Table 6. 

On the whole, children were not quite as successful with the 
subtraction problems as they .were with the addition problems. Mbwever, > 
over 'three-fourths of the subjects used the correct strategy, and well 
over half the responses were correct for every item. 

Except for the joining' 1 problem, children were about as successful 
in generating a correct* strategy for verbal problems as they were for the" 
corresponding concrete problems. There were slightly more counting errors 
in verbal problems, but this is to be expected. The verbal problems 
offered more opporhunity to make a counting error since subjects had to 
construct both initial sets used to generate a solution. In the concrete 
problem, on the other hand, certain sets were given as part of the 
problem and subjects were corrected if they made an initial error in 
countintj them. 

Contrary to the findings of previous research with older children, 
very few children used the wrpng operation. The most common error 
was to respond one of the given numbers but there were at most 6 out 



c 



38 



, Table 6 

Correct and Incorrect Procedures and Error Types for Subtraction Problems 



Problem 



VerbaJL 
Problems 



Concrete 
Problems 



* 


Correct 
V A 


CE 


Errors 
G 0 


E 


Correc^ 
V A 


CE 


Errors. 
G 0 


E 


Separating 


39 


31 


8 


1 


0 


3 


42 . 


40 


z 


0 


0 


.1 


Joinirig 1 


31 


22 


7 


1 


5 


4 


41 


38 


3 


2 


0 . 


0 


Joining 2 ' 


36 


3X 


5 


1 


1 


5 


33 


31 


2 


1 


0 




Part-part-whole 


33 


20 


13 


6 


0 


4 


Dropped from analysis 




Comparison 


35' 


29 


6 


3 


0 


5 


39 


32 


7 


3 ■' 


0 


'i 


1 

Equalizing + 


39 


30 


9 


0 


0 


4 


35 


28 ■ 


7 


l" 


0 


1 


Equalizing - 


39 


29 


10 


0 


0 


4 


38 


34 


4 


1 


0 


' 4 
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of 43 instances of this error for any probletn. . . 

i 

Strategies 

. \ The second major objective u^pf ^^li&^jj^^^^^^ charaqterize the 

processes or str,ategies that chiidreii usf to solve different problems 

. and identify the factors that leeid>^ ,e selection of different 

strategies. One hypothesis is that children develop single strategies 

for addition^ and. subtraction and use them in all appropriate problems. 

For example, a child might use a separating strategy to solve all 

subtraction problems. A competing hypothesis is* that children's 

#' 

strategies mat^h a problem ^s structure and model the implie'd actions 
_o2j relationships in the problem. Different .strategies imply different 
conceptions of addition and subtraction, and identifying the pro||esses ' 
that children use to solve different problems should provide some in- 
■sight^into their understanding of addition and subtraction operations. 
in the subsections th^t follow ^ .results are presented for the 
additdon tasks and for several categories of subtraction tasks. Following 
the two-by-two matrix presented earlier, several different categoaries of 
verbal {Problems were identified* Prom among these ^ three separate types 
of subtraction problems emerge, each having a distinct semantic structure. 
These three types will be discussed separately. 

Addi t ion^ s tra begies . The three basic counting mbdois identified by 
Groen and Parkman (1972) were also found in this study. Several strategies 
that were not based on counting w$re also identified. 



(CA) Counttflg all - The'.counting all strategy can be carried 
out using cubes or fingers as models, or by counting 
mentally. If cubes are used, both sets ar© r©pre:Sented, 
'and bhan the union of the two sets is reqounted beginning 
with "one". If counting- is done mentally or with fingers,_ 
the counting sequence begins with "one" and ends with the 
* number representing the total of t:he twa. given quantities. 

(CB-) Counting on from first number - In this strategy, the " 
counting sequence begins either with the first (smaller), 
given number in the problem. or .the »?ucaessor of tha t , numJ^r • 
Cpunting may be done maritally, or by using cubes or fingers 
as models. . . " . 

. "* ■ a ■ ^ ■ 

(CD Counting on from larger. number - This is" similar to the 

» 

previous strategy except that the counting sequence begins 
With the larger (second) given number or with the successor 
of that number . . 

(KF) Known fact - The child gives an answer with the justification 
that it was the result of knowing some basic addition fact. 

(II) Heuristic Heuristic strategies areremployed to generate 
solutions^ from a small set of known basic facts. These • 
strategies usually are based on doubles or numbers whose 
sum is 10. For example, to solve a problem representing 
6 -f -8 - ?'a subject responfJs that 6 + 6 « 12 and 6^+8 
i3 just 2 more than 12. In another example involving 
4 + 7 a ? a subject responds that 4 + 6 » 10 and 
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4 + 7 is just 1 mor© than 10 ♦ 

*■ » ■ 

(U) Uncodablc - h correct ansv^fr is provided but thfe interviewer 
' • is unable to 'determine what strategy a child is ^ploying. 

The strategy, results for the six addition tasks are' presented in 
Table 7-. 

The dat^ clearly indicate that the children treated the joining 

^ - 

.and part-^part-whole problems in es&:entially the same manner* The 
fact that joining problems have an ac^tion component as opposed to the 
static condition of th^ part-part-whole problems does not appear to 

' ' • ■ 

i?ak© any difference, at least in the w^y that children attempt to solve 
them* When these data are considered tdlfether with the correct vs, 
incorrect^ data from' Table 5", .it appeaxs thafc^ the two addition problems — , 
joining* and part-part-whole — presented no difficulties for the subjects 
«of this study. On the other hcind, the comparison problems were extremely 
difficult. ' . ' 

Although the data in Table 7 do jiot present the information direct ly> 
an analysis was made to determine if a particular strategy was linked to 
a particular type of representation modality. Results showed that differ* 
ent strategies did tend to be paired with different modes of representa** 
tion* ' Almost all students who used cubes used a counting all strategy 
(CA) . For example/ to solve the problem that represents 3 + 8 5= Q ^ 
subjects would generally construct a set of 3 cubes, then a set of 8 
cubes / and then (sount. the number of cubes iti the union of the two sets* 
They did not ev@n take advantage of the fact that they had already 
Jkinted both the Bet of 3 and the set of 8 and did not fieed to recount 

d 'V 
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* Table 7 

^ Strategies Employed- for Addition Problems ' 

Strategy " 



Problem 


CA 


CF 


CL 


H 


KF 


U 




Verbal Problems 
















Joining 


21 


4 


V 

4 


5 


1 


6 




Part-parfewhole - 


V 22. 


_ 3 


9 


2 


1 • 


1 




Comparison 


7 


1 


1 


2 


0 


1 " 




Concrete Problems 






/ 










JoiKiing 


26 




7 


5 


2 


2 




Part- part-whole 


26 


2 


9 


3 


1' 


0 




Comparison * 


6 


4 


6 


3 


. 0 


2 

t 







them. In fact, in counting the unioh of the two sets, many subjects 
were very careful to count one se^^ first and then the other. If a 

V 

subject constructed both sets but did not recount them both, the 
response was cc dd as the appropriate counting on strategy. There 
were only 4 such responses in all 3 verbal problems for a total of 
14 in the 3 concrete problems. 

Counting on from the first number given in the 'problem •*(CP) and 
counting on from the larger number" (CL) were the dominant counting 
^strategies for subjects who used fingers (P) or no physical model (N) • 
Only thJfee subjects who used fingers in any of the six problems used 
a counting all (CA) strategy, and only one whonased no model gave a 
counting all explanation'^ This' is not especially surprising since the 
counting all process is rather difficult to keep Either in one* s head 
or on-fingers. Furthermore, it is not unreasonable that the ability 
to deal with numbers v/ithout concrete referents is related to the 
ability to use the more abstract counting on strategies* 

In addition to the three counting strategies, a heuristic strategy 
(H) was employed by a few children to generate solutions ^rom a small 
set of known basic facts. Heuristic strategies always involved nd 
physical modeling* 

Several subjects knew the addition fact required to solve the 
given problem (KP) and there were a few responses that were uncodable 
(U) • A response WSs uncodable only if a subject got a correct response 
but the experimenter was unable to determine the strategy* The un- 
codable category assumes that the subject used an ap^propriate strategy 
but was unable to •^explain the process* 

i9 



Subtracta,on strategies . Four basic 'subtraction responses were identified^ 
They ta'ke on a different form depending upon the representation model chosen,' 
For concrete representations they are: 

(S) Separating ^ "Ihh child models the larger given set and then" 
takes away or separates ^ one at a time^ .a number of cubes 
equal to the givjn number in the problem. Counting the set 
of Remaining cubes fields the answer, 

(ST) Separating to - After the larger set is modeled, the child 

removes cubes qne at a time until the Remainder is equal to . 
th^segopd given number of the problem. Counting the number 
of cubes removed gives th^j^n^wer. - . • 

(AO) 'Adding on • The child seti^ out a number of cubes equal to 

the smaller given number (an addend). The child then adds * 

cubes to that set one at a time until the new collection - 

is equal to the laxger given number. Counting the number 

of cubes added on gives the pinswer. 

■w 

(M) Matching |^he 'child puts out two sets of cubes/ each set 
stranding for one of the given numbers. The sets are then 
matched one-to-one. Counting this unmatched cub^s gives 
the ai-iswer. 

Three more abstract counting strategies were also observed* These 
are the analogues to the first three concrete strategies listed above, 
(CB) Counting back - A child initiates a backwards counting 

seciuencc^ beginning with the. given larger number* The back*- 



wards counting sequence contains as many countijig number 
words as the given smaller number The last number utteredi 
in the counting sequence is the answter. This is the counting 
analogue to the separating (S) strategy. ' 
(CT) Counting ^back to - A child initiates a backwards counting 
sequence beginning with the' larger given nUmber. The 
sequence ends with the smaller number. By keeping track 
.of the number of counting words uttered in this sequence, 
either mentally or by using fingers or cubes,, the child . 
determines the answer to be the nximb^r of counting words 

j> . * ' 

used in the sequence. This is tK^ counting analogue to the 
separating to (ST) strategy. • ^ 

(CU) Countijig up from smaller - A child initiated a forward 

counting sequence beginning with the smaller given number. 
The sequence ends with the ^larger given number. *k^ain/ by 
keeping track of the number of counting wordf uttered in 
the sequence, the child determines the answer. This is 
. the counting analogue to the adding on (AO) strategy* 
The known fact (KP) , heuristic (H) , and uncodable (U) categories 
follow the same rules as thf5 corresponding addition categories. 

Certain of the strategies naturally model the action described 
in specific problems* The separating problem is most clearly modeled 
by the separating (S) strategy or the related counting (CB) strategy. 
On the other hand, the implied joining action of the joining (missirig 



addend) problemH ia most cloaoly modelGd the- addi,pq on (AO) and ,^ 
counting up (CU) strategies, Comfiarl Hon problems > on the oth'^hand,, 
deal with 'relationships between, sets rather than action, in this case 
the iMtching j34:rat®gy (M) appears to providfe -the best Aodel. 

For the fjart-part-whole and equalizing problems the situation^ is 
more ambiguous. In the |Jart-pa"r.t-whole problems there is -no implied • 
action so nelcher the separating or adding on strategies seem more 
appropriate. But -since , one of the given quantities is a subset of the 
other I there are no two distinct sets that can be put into one-to-one 
correspondence. 

■J 

For the equalising, problems the situaticJn "is reversed. Since the 
equalizing problems involve both a comparison and some, implied Action, 
two different strategies might be seen as appropriate. The addition 
equalizing' problems involve a comparison of two quantities and a deci- 
sion of how much should be joined to the smaller quan-tlty to "make them 
equivalent* Thus, both the matching (M) or the adding on (AO) and 
counting up from smaller (CU) strategies might be appropriate. For the 
subtra^ing equalizing problems the implied action involves removing 
elements from the larger ^et until the two sets are equivalent. This 
action seems to be best modeled by the separating to (ST) and counting 
back to (CT) strategies while the matching strategy (M) is again 
appropriate for the comparison aspect of the problem. ^ 

Verbdl riroblems . For verbal problems, ptoblnm structum does 
appear to be the major determinant of solution strategy (Table 8)", 
For the separating problem almost thred times as many subjects use a 
sdparating (S) or counting back (QB) strategy as used all the other 
jtrategi^s con\bined. 
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Table 8 

strategies for Verbal Subtraction Problems 



Strategy 



Problem 


S 


ST 


AO 


M 


CB 


CT 


cu 


H 


KP 


'u 


Separating 


19 


0 


0 


4 


? 


0 


0 


3 


2 


2 


Joining 1 


4 


0 


15 


2 


l' 


0 


2 


3 


0 


2 


Joining 2 


4 


1 


14 


5 


0 


0 


8 


3 


0 


1 ' 


Part- part-whole 


9 


0 


10 


4 


3 


■ 0 


' 3 


0 


2 


2 


Comparison 


8 


1 


< 

2 


17 


0 


0 


3 


3 


1 




Equalizing + 


, 9. 


2 


5 


15 


0 


1- 


1 


5 


0 


*l"" 


Equalizing - 


14 


4 


0 


13 


1 


3 


2 


2 


0 


0 



5.} 
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For thS two joining probioma, th®. jjattern of responses was almost 
identical. Foir each problem the adding on (AO) or counting up (CU) 
strategies were u^ almost twice as often as all the other strategies 
combined. With the comparison problem, matching (M) was the dominant 
Strategy. ^ " , 

The ambiguity of the part-part-whol§ problem is reflected in thfe- « 
children's strlategies which were about evenly divided between separating 
(S) and adding on "(AO). Support for- our analysis of the equalizing 
pr9blQm is less strong, but it is generally consistent with the proposed 
model. Matching was a dominant stratocfy for both equalizing problems, 
but in both cases separating was used more frequently than , the hyf)othe- 
si2ed separating to or adding on strategy. However^ a' comparison of 
the two equalizing problems reveals that adding on (AO and *CU) was used' 
:more frequently than separati-n to (ST and CT) for the adaition problem 
(six cases and three cases respectively) while the reverse was. true 
for the subtraction problem (two and seven cases respectively), 

Concrete problems . For the concrete problems; the problem struc- 
.ture analysis docs not predict performance nearly as well (Table 9). 
For four of the six problems, separating (S) was the principle strategy 
ami for another separating (S) and separating to (S.T) were employed 
with almost equal frequency. The only problem for which separating 
was not the dominant strategy was the second joining problem. One ex- 
.pl'anation for this pattern of responses is that . strategies were 
determinod by the characteristics of the set of cubes subjects had 
availaole vyhen they began to solve the problem. This is clearly illus- 
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Table 9 

Strategies for Concrete Subbraction Problems 



' \ ^ 

i ■ strategy 



^ Problem 


s 


ST 


AO 


M 


CB 




CU 


H * 


KF 


U 


Separating 


30 


1 


0 

* 


0 


7 


0 


0 


1 


1 


2. 


Joining 1 


23 


6 


0 


0 


3 


0 


0 


5 


1 


3' 


Joining 2 


7* 


0 


16 


0 


0 


.0 


"'4 


2 


1 


3' 


Comparison 


23 


4 


0 


5 


0 


0 


2 


4 


1 


.0 


Equalizing + 


18 


3 


4 


2 


2 , 


. 0 


2 


2 


1 


1 


Lquaiizing - 


15 


15 


0 


2 


1 


1 


0 ^ 


1 


A 

2 


1 



*Includes 5 responses that subjects started to add bn and then 
switched to separating strategy • ' 
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trated by the contrast between the strategies used to solve the two 
joininsi problems. Although they both JLsqribe essentially the same 
action, they provide subjects with very different £.tarting points. , 
For example, consider the problem 11 - 3 'In the first case the 

experimenter shows a subject a set of 3 cubes, adds some more cubes, 
und a^ks the subject to determine how many cubes were added. In the 
socond oxampLo, a subject is given a set of 3 cubes and asked how many 
more are needed to have 11 cubes altogether. The key difference 
between the two problems is that in the first case the subject has 
11 cubes to start witia and can find the answer by dimply removir^B' * 
cubes. In the second case they must first construct the set of 11 cubes 
which ic easiest to dq by. simply adding on to the set of 3. For every 
problem by the one joining problem, subjects had the larger set avail- 
able and consequently relied primarily on a separating strategy. 

Although problem structure was not the primary determinant of 
Lsubiects* solution strategy it did appear to have some effect. The 
only use of the matchiiiq strategy (M) occurred with the comparison prob-* 
lem and one equalizing problem, which is consistent with the analysis 
of problem structure. Comparing the two equalizing problems reveals 
lihxl .SIX bu}:)'jeuts used an adding on strategy (AO and CU> for the addi- 
tiv.)n problem while none used it for the subtraction problem. On the 
other hand, 16 subjects used the separating to strategy (ST, and CT) 
with tno sui:)traction probJem while only 3 used it for the addition 
[r<.H)lem, botli ot these results are consistent with the analysis of* 
the. two etiualizmcj problems. 
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One of the more interesting difforonces between the set of con- 
ere te'"'^ problems and^the set of verbal problems involves the use of the 
matching strategy. The matching strategy was used for every verbal 
problem at least twice and was a primary strategy for the comparison 
problem and the two equalizing problems. In the concrete set, however, 
it was only used on three problems for a total of nine times. It is 
not surprising that the matching strategy was not used for the joining 
or separating problems, where it would have been necessary to construct 
the second set. But for the comparison and equalizing problems both 
sets were alread]^ constructed. It is riot clear why children would go 
to the trouble of constructing two sets to use|a matching strategy in 
the verbal case and not use a matching strategy in the concrete case, 
when the sets are already constructed. The matching strategy is 
•actually more efficient for concrete problems than for verbal problems. 

The most prevalent strategy overall was clearly the separating (S) 
strategy. Although the use of this strategy was not as overwhelming 
for verbal problems as concrete problems, it was still the most 
commonly used strategy. It was the only strategy that was frequently * 
used in contexts that were inconsistent with the analysis of problem 
structur^^. The choice of numbers in the subtraction problems (11 - 3 » 
rather than 11 - 8 = ?) may have created some bias in favor of separat- 
ing and cuuntinq back strategies, which may in part account for the 
popularity of the separating strategy. But no subjects indicated that 
number size influenced their choice of strategy. On the. whole there 
is no basis for concluding that the choice of numbers had any influence 
on children* H strategies. However, this is one limitation of tiiis 
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Study, and additional research would be required to demonstrate <::onclu- 
sively that relative number size had no effect. 

On the whole children were not quite as successful with, tho sub- 

'.rdction problemi; os thoy were witli tho addition problems. But over 

r 

thrte-fourths of the subjects used the correct strategy, and well over 
half the responses were correct for every item. Furthermore, no one 
problum stOy.A out as significantly more difficult than the others. 
Contrary to the findings of previous research with older children, 
very few children uSed the. wrong operation. The most common error 
was to respond one of the giyen numbers but this accounted for at most 
/six responses for any given problem. 



Pattern-s of Children Responses 

This section focuses on the responses of individual children or 
groups of children over sets of related problems. Our objective is ,to 
attempt to identify groups of children who apply similar strategies 
over several problems and to characterize their pattern of responses • 

The different combinations of responses for the joining and part-' 
part-wholQ addition problems are summarized in Table .10. Twenty-six 
subjects used the same strategy for both Verbal problems and 25 used 
the'' same strategy fpr both concrete problems. Thus, although the two 
problems have very similar patterns of responses (Tables 3, 5> and 7);^ 
just over half the subjects used the same strategy for both problems. 

It is a bit more (difficult to identify general strategies for 
solving the subtraction problems because there are more problems and 
more possible strategies for each. Most of the subjects* general 
strategies were defined in terms of the strategies used on individual *> 
problems. For example, a subject would be classified as using a 
general separating strategy if the subject used this strategy on most 
problems, regardless of their structure. A second major type of 
general strategy appeared to be based on problem structure. A subject 
was classified as using a problem structure strategy if the strategies 
predicted by our logical analysis of the problem structure were gener- 
ally used in that subject's solutions. Our decision rule was to 
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Table 10 

Responses for Joining and Part-part-whole Addition Problems 



\ ...Response combinations ' Verbal Concrete 

'V— ^ — 



Both counting all 


17 


20 


Both covinting on 


6 


3 


Both heuristic 


3 


2 


Counting all-counting on 


4 


8 


He\!irxstic-counting on 


3 


4 


Heuristic-counting all 


0 


2 


Other 


10 


4 



\ 



classify a subject as using\^ particular stjriategy if the subject used ^ 
tha strategy for five of the spven verbal problems or used it for four 
problems and used a niimber fact, .heuristic, or uncodable strategy for 
the others. For the concrete problems the ^decision rule was four out 
of siX; with the' part-part-whole problem a'gain excluded from the 
analysis, 

Over half of the subjects could be identified as using a particu- 
lar general strategy (Table 11) . The results are consistent with 
results for individual problems. The most frequently used general 
strategy for verbal prpblems was problem structure and for concrete 
problems it was separating. 

In the cinalysis of individual subtraction problems several 
problems showed similar solution patterns (Tables 4, 6, and 8). The 
two joining missing addend problems (problems 5 and 6) had almost 
identical patterns of response. However, ^n analysis of individual 
subject s^^ responses reveals that although the overall pattern of 
' responses was similar subjects were not consistent in responding 
to the two problems. Only 13 subjects used the same btrategy for 
problems 5 .and 6* The two equalizing problems and the comparison 
problem had similar patterns of response. For these 3 problems, 
13 subjects used the same strategy on all 3 problems and an addi- 
tional 18 used the same strategy on 2 out of 3 problems. 

The use of the more sophisticated strategies is also of interest. 
Almost a third of the subjects used a heuristic strategy at xciast 



56 



■ Tab.U> 11 . ' 

Classification of Subjects' General 
Subtraction Strategies 



General strategy Verbal • " Concrete 



Single strategy ^ r • 

Separating 3 i^- 

Matching. •> 4 ' ^ 0 



Heuristic 2 



3 



Structure of problem ^ 14 ^ 



Consistent error 3 
Unciassif iable 17^ 



3 
18 



a 



Includes eight subjects who used only two strategies, 
four of whom used h6 and S. - ' 



once, and almost, three-fourths used at least one of the more advanced 

V 

.||trateqies (heuristic, counting up, pr counting ^|:)ack) , 

'« 

An analysis was done of the number of errors associated with, 
various 'Strategies. The errors were fairly evenly divided over all 
strategies. The number of errors for each strategy was roughly pro- 

•V 4 " <^ 

portional to/th.e number of times the strategy was selected. Thus, 
there is no evidence that any strategy is mote reliable than any 
other* 0- " 

To check for any effect of the order in which problems were adminis- 
tered, the strategies of the group of subjects whp received the verbal 
problems first were compared to the strategies of the group receiving 
concrete problems first. For the most part the patterns of responses 
were virtually identical. But for the two verbal joining missing- 
addend problems and the verbal-part-part-whole subtraction there was 
a consistent difference. For each of these three problems, almost 
"twice as many of the concrete-first siabjects as verbal-first used cubes ^ 
used an add-on strategy and calculated the answer. It is to be ex- . 
pected that some problems would show marked differences simply by 
chance. But these three problems also tended to generate similar 

patterns of solution (see Tables 4, 6, and 8) ^ being the only verbal 

/ 

problems for which add-on was the primary strategy. It is difficult 
to Gxpldin why differences should only occur for this cluster of three 
problems. 



' ConclusioAs 

A striking result of this study is the high level of success of 
first-grade children in solving verbal problems. Only ruUr subjects 
used an incorrect strategy fo5 more than half of the verbal problems, 
and over, two- thirds used a correct strategy for 8 of the 10 problems. 
Children were not only successful in interpreting action or relation-. * 
* ships implied in problems. They were also able to use^if f er^nt models 
of addition and subtraction when convenient and demonstrated some under 
standing of the inverse relationship between addition and subtraction. 

The first-grade children in this study gave very little eviden.ce 
of the types of systematic errors reported in previous studies. Very 
few used the wrong operation in their solutions. Since this error has 
been observed primarily with older children who have already exper- 
ienced formal instruction in addition and subtraction, it may be a 
result of learning sytnbolic representations. In typical clasaroom 
procedure, addition and subtraction are introduced in terms of joining 
or separating sets using either pictures or concrete objects. Then 
children are drilled on abstract problems with number sentences- 
When they finally get to verbal problems, their response is, "Is this 
a plus or a takeaway?" In this format the operations are initially 
learned outside the context of verbal problems. When verbal problems 
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^are introduced la^te); j. 'children are simply tol^d that addition and sub- 
tractiof, can be usea to, solye these problems, but they have no basis 
for usi iq their natural intuition to relate the problem structure to 
the operations they huve learned. In other words,' their natural ana- 
lytic problem solving skills are bypassed, and they too often resort 
Lo Huporficial problem characteristics to identify the correct opera- / 
Lion. This may result not only in a limited understanding, of addition ' 
and subtraction but also in a, decline in general problem- solving abil- ' 
Uy, 

Tiiti rusults Ik this study suggest a somewhat different picture of 
children's processes for solving addition and subtraction problems thaii 
has be.jn [proposed m other analyses. Greeno (Note 2) -hypothesizes that 
Chi Wren assucidte solution strategies directly with the semantic con-t 
tont of j;roblenvs rather than constructing sets of s^inultaneous equa- ' 
Lions based on syntactic information within the problem. Greene's 
analysis is consistent with the results of thi» study. However, Gre'^no 
also iiypothesizes that some problems are associated directly with an,', 
op..- ution wliile ottiers are first transformed to. different structured. 
Sp'M i finally, joining missing add^snd problems and certain comparison 
probL<jm5j are first tr.insformed to 'part-par t-whole problems. 

The r.-;uUH of this fitudy suq(jost a different hypoLhosis. The 
t r<.'inendous variability between children as w(?ll as the varioLy of 
i rov ..'.ssc.-. observed suggest that before formal instruction, young 
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children do, not transform problems into a single type and apply a single 

strategy. The* results indicate that children have a rich repertoire * 

ot strategies avaifable and that they make use*- of many of these to 

solve various problems. It is. still not clear what .trigger^ the use . 

of a particular strategy, but 'it seems plausible, that children solve 

ea^ch problem typfe directly, rather than collapsing them and applying 

a single s^trategy consistently. 

'fhe picture painted b^ this description is quite different from 

that proposed by Greeno. In Greeno's description, the limiting factor 

is the number of different solution strategies children have available. 

Since empirical data show that children can solve a variety of problem 

types it was assumed that they must transform them- in order to success- 

fully apply the few strategies which they have .in their repertoires. 

The results presented here suggest that even *prior to instruction 

most children possess numerous different strategies and select from 

among thorn a method appropriate to solve each problem type cjirectly. 

\ 

No transformations are needed. In fact^ it may be the transformation 
process itscJf which is the limiting factor as children begin instruc- 
tion. 

Arithmetic instruction frequently illustrates a particular opera- 

< 

tion like subtraction with several problem types (e.g. separating, 
part-part-whole, comparison) • Although our findings show many children 
Can solve each type of problem using an appropriate strategy {e*g*, 
separating, add on, matching), they may have trouble transforming 
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these problems ai^ understanding that a' single strategy could be appr*o- 
priate for all of them. This conjecture is supported by the small 
nunUoer of children in this study who used a sin^tjle strategy^consistently' 
across problera types, and\y ' the^well documented difficulties which 
children experience with missing addend problems in most curriculum 
programs. .. 

The results of this study also deviate to some degree frcxn the re- 
suits of earlier latency studies of children's solution of number sen- 
tences (Groen & Parkman, 1972; Groen & Resnick, 1977; Woods, Resnick, & 
Groon, 1975), Specifically our study found less frequent use Gf 
counting on strategies for addition "problems than in earlier studies 
(Groen & Parkman, 1972; Groen & Resni<^, 1977), and although there was 
no direct test of the effect of number size, other factors than this 
one seemed to have a greater influence in deteinnining children's 
choice between adding on or counting back strategies. This study 
also identified two strategies, matching and heuristic, that were not 
even considered in the earlier studies. 

To some tjxtent these discrepancies may result .'|rom differences 
ill the age of subjects and in characteristics of the problems. Cer- 
tduiiy it is necessary to be very careful in making comparisons between 
the solution of verbal problems and the solution of number sentences. 
Two factors that may contribute to the differences in performance are 
the different number domains and the availability of cubes. The 
larger ruunbors in this study perhaps make counting on or choice strat- 
cqit;:i less likely. The availability of cubes clearly seojns to promote 



a. counting all rather than a counting on strategy. This is illus-/ 
trated by the fact that those who used the cubes almost always used a 
counting all strategy while those using fingers or no action generally 

used' a counting on strategy. To some extent this may result from the 

r 

fact that the more cap^le children, those most able to use more 
sophisticated counting on strategies ^ tended to be the ones who did 
not use cubes. But the cubes did appear to encourage children to model 
the complete problem. 

, One of the nvost fundamental differences between this study and 
the earlier studies is in the experimental paradigm: clinical inter- 
view as opposed to matching response latencies to predicted regression 
equations. The response^J^Jency paradigm assumes that children con- 
sistently apply ajvell defined strategy to their solution problems. 
The results of this study indicate that this assumpti6n is at least 
suspect, and the results of response latency studies should be sub- 
jected to further validation. It also appears that one should be 
very careful in generalizing the results of. any research of this type 
beyond the domain of problems included in the specific study. 

The results of this study tend to support the hypothesis that 
verbal problems may be tlie most appropriate context in which to intro- 
duce addition and subtraction operations. Clearly, verbal problems 
are a viable alternative to traditional approaches since children are 
able to interpret and solve them prior to formal instruction. Verbal 
problems also provide different interpretations of addition and sub- 
traction, interpretations that are important for children to under- 



stand. Perhaps by basing our introduction of operations on verbal prob- 
lems and inleqrating verbal problems throuyhout the mathematics curricu- 
lum rather than using them only as an application of previously taught 
aJ.goritlims, wo can allow children to develop their natural ability to 
analyze problem structure and to develop a broader concept of basic opera 
tion.'-". 
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